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We perform Dirac’s canonical analysis for a four-dimensional BF and for a generalized four-
dimensional BF theory depending on a connection valued in the Lie algebra of SO(3, 1). This
analysis is developed by considering the corresponding complete set of variables that define these
theories as dynamical, and we find out the relevant symmetries, the constraints, the extended
Hamiltonian, the extended action, gauge transformations and the counting of physical degrees of
freedom. The results obtained are compared with other approaches found in the literature.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
Presently, the study of topological field theories is a topic of great interest in physics. The
importance to study these theories arises because they have a close relationship with general
relativity. These theories are characterized by the absence of local physical degrees of freedom
and by the background independence [1]. Relevant examples with close symmetries with general
relativity are the so called BF theories, which are background independent and diffeomorphisms
covariant, and were introduced as generalizations of three dimensional Chern-Simons action or as
a zero coupling limit of Yang-Mills theories [2, 3]. We can find several examples where the BF
theories come to be physically relevant in alternative formulations of gravity, such as Pleban´ski or
Macdowell-Mansouri formulations; the former consists in to obtain General Relativity by imposing
extra constraints on a BF theory with the gauge group SO(3, 1) or SO(4) [4]. The later consists in
breaking down the symmetry of a BF theory from SO(5) to SO(4), to obtain the Palatini action
plus the sum of the second Chern and Euler topological invariants [5], and since these topological
classes have trivial local variations that do not contribute classically to the dynamics, one obtains
∗Electronic address: aescalan@sirio.ifuap.buap.mx
†Electronic address:
2essentially general relativity [6].
Other interesting case, where BF theories have a close relation with physical theories is found in
Martellini’s model [7]. This model consists in expressing Yang-Mills theory as a BF -like theory, and
the BF first-order formulation is equivalent (on shell) to the usual (second-order) formulation. In
fact, both formulations of the theory possess the same perturbative quantum properties; specifically
the Feynman rules, the structure of one loop divergent diagrams and renormalization have been
studied, founding an equivalence of the uv-behavior for both approaches [7]. Furthermore, other
kind of topological BF theories are reported in [8], where by using a generalized differential
calculus a geometrical relation between a generalized Chern-Simons functional and a generalized
BF theory is obtained; this version corresponds to a pure BF term, plus the second Chern class
and a cosmological-like term quadratic in the field B. The case of gravity viewed as a generalized
topological field theory and its close relation with the generalized BF theory is also discussed [8].
In this manner, with these motivations we will perform the Hamiltonian analysis for a four-
dimensional BF theory and for the generalized BF theory introduced in [8]. It is important to
remark that the standard way to develop the Hamiltonian study for a BF theory is considering as
dynamical variables only those ones that occur in the Lagrangian density with temporal derivative
[9, 10] (called smaller phase space context). However this approach is only convenient to perform
provided that the theory under study presents certain simplicity; but the price to pay for developing
the standard approach is that we can not to know the full structure of the constraints and their
algebra, the equations of motion and the gauge transformations. Nevertheless, the approach
developed in this work will be quite different to the standard one; this means that in agreement
with the background independence structure that presents the theory under study, we will develop
the Hamiltonian framework by considering all the fields occurring in the theories as dynamical ones;
this fact will allow us to find the complete structure of the constraints, the equations of motion,
gauge transformations, the extended action as well as the extended Hamiltonian. We able to realize
that developing the Hamiltonian approach on a smaller phase space context, the structure obtained
for the constraints is not right. In fact, we observe in [12] that the Hamiltonian constraint for
Palatini theory does not has the required structure to form a closed algebra with all constraints;
this problem emerges because of by working on a smaller phase space context we lose control on
the constraints, and to obtain the correct structure sometimes they need to be fixed by hand as
it was done in [10] for Pleban´ski theory. Nevertheless there are analysis on a smaller phase space
performed without complications, as for instance in Maxwell and Yang-Mills theories [11]. For these
reasons in this paper we develop a pure Dirac method applied to models with a close relationship
to Palatini and Pleban´ski theory just as the four-dimensional BF theories, and we will see that is
not necessary to fix by hand the constraints because the method itself provides us the required
structure. Thus in this paper we establish the bases for forthcoming works where will be applied
the same approach to Pleban´ski theory. We will discuss all these details along the paper and we
have added an appendix to clarify these ideas.
3II. A PURE DIRAC’S ANALYSIS FOR A FOUR-DIMENSIONAL BF THEORY
In this section, we will develop an extension of the results reported in [9]. In the following lines,
we shall study the Hamiltonian dynamics for a four-dimensional BF theory by using a pure Dirac’s
method. With the terminology ”a pure Dirac’s method” we mean that in concordance with the
background independence of the theory, we will consider in the Hamiltonian framework that all the
fields that define our theory are dynamical ones.
So, let us start with a four-dimensional BF theory which is described by the following action [9, 10]
S [A,B] =
∫
M
BIJ ∧ FIJ(A), (1)
where F IJ = dAIJ +AI
K ∧AKJ is the curvature of the Lorentz connection 1-form A
IJ = Aα
IJdxα,
and BIJ = 12B
IJ
αβdx
α ∧ dxβ is a set of six SO(3, 1) valued 2-forms. Here, µ, ν = 0, 1, .., 3 are
spacetime indices, xµ are the coordinates that label the points for the four-dimensional Minkowski
manifold M and I, J = 0, 1.., 3 are internal indices that can be raised and lowered by the internal
Lorentzian metric ηIJ = (−1, 1, 1, 1).
The equations of motion that arises from the variation of the action are given by
F = 0,
DB = 0, (2)
in this sense, both B and A are considered as dynamical variables and we will take account this fact
for all our developments along the paper.
To perform the Hamiltonian framework, we will suppose that the manifold M has topology Σ×R,
where Σ corresponds to Cauchy’s surfaces and R represents an evolution parameter. By performing
the 3+1 decomposition, we can write the action as
S [A,B] =
1
2
∫
R
∫
Σ
dtd3x
{
BIJ0aFIJbcǫ
0abc + ǫ0abcBIJab
(
A˙IJ c − ∂cA
IJ
0 −A
IL
0AL
J
c +A
IL
cAL
J
0
)}
,
(3)
where can be identified the following Lagrangian density
L =
1
2
BIJ0aFIJbcǫ
0abc +
1
2
ǫ0abcBIJab
(
A˙IJc − ∂cA
IJ
0 −A
IL
0AL
J
c +A
IL
cAL
J
0
)
. (4)
As was commented earlier, the cornerstone of this work is to carry out the Hamiltonian analysis
by considering as dynamical all the set of Aα
IJ →24 and BIJαβ →36 variables that define the
action. We observe at this point, that our procedure is quite different to [9, 10] because in that work
the Hamiltonian analysis was performed considering as dynamical variables only those with time
derivative occurring explicitly in the Lagrangian (in this particular scenario only the AIJ c →18 are
considered dynamical). It is important to observe also that strictly speaking, AIJα and B
IJ
αβ are
4our set of dynamical variables and the correct form to carry out the Hamiltonian analysis is taking
to account that set. However, because of the action is not quadratic in the field BIJ0i or A
I
0, the
Hamiltonian study has been performed on a smaller phase space context neglecting the variables
AIJ0 and B
IJ
0i as dynamical and being identified as Lagrange multiplier [9, 10]. Nevertheless, it is
not ever easy perform the Hamiltonian analysis on a smaller phase space; example of this fact is
present in Pleban´ski’s formulation [10], where Dirac’s analysis needs a treatment with more details,
introducing new variables and fixing the structure of the first class constraints by hand. In this
manner, we attempt with the present paper to extend the standard approach developed for BF
theories, by performing a full canonical analysis that will be useful in order to carry out the analysis
for Plebanski’s formulation or for models found in BF gravity [21] without fixing by hand the
constraints as reported in [10].
Hence, by identifying our set of dynamical variables, a pure Dirac’s method calls for the definition
of the momenta
(
ΠαIJ ,Π
αβ
IJ
)
canonically conjugate to
(
AIJα, Bαβ
IJ
)
,
ΠαIJ =
δL
δA˙IJα
, ΠαβIJ =
δL
δB˙αβIJ
. (5)
The matrix elements of the Hessian
∂2L
∂(∂µ(AαIJ))∂(∂µ(AβIJ ))
,
∂2L
∂(∂µ(AαIJ))∂(∂µ(BρνIJ ))
,
∂2L
∂(∂µ(BρνIJ))∂(∂µ(BγσIJ))
, (6)
are identically zero, the rank of the Hessian is zero, thus, we expect 60 primary constraints.
From the definition of the momenta (5), we identify the following 60 primary constraints
φ0IJ : Π
0
IJ ≈ 0,
φaIJ : Π
a
IJ −
1
2
ηabcBbcIJ ≈ 0,
φ0aIJ : Π
0a
IJ ≈ 0,
φabIJ : Π
ab
IJ ≈ 0, (7)
where we have defined ǫ0abc ≡ ηabc.
By neglecting terms on the frontier, the canonical Hamiltonian for BF theory is given by
Hc = −
∫
dx3
[
AIJ 0DaΠ
a
IJ +
1
2
ηabcB0a
IJFIJbc
]
. (8)
In this manner, adding the primary constraints (7) to the canonical Hamiltonian, the primary
Hamiltonian is given by
HP = Hc +
∫
dx3
[
λIJ 0φIJ
0 + λIJaφIJ
a + λ0a
IJφ0aIJ + λab
IJφabIJ
]
, (9)
where λIJ 0, λ
IJ
a, λ0a
IJ and λab
IJ are Lagrange multipliers enforcing the constraints.
The non-vanishing fundamental Poisson brackets for the theory under study are given by
{AIJµ(x
0, x),ΠνKL(x
0, y)} = δνµ
1
2
(
δIKδ
J
L − δ
I
Lδ
J
K
)
δ3(x− y),
{Bαβ
IJ(x0, x),ΠµνKL(x
0, y)} =
1
4
(δµαδ
ν
β − δ
µ
βδ
ν
α)
(
δIKδ
J
L − δ
I
Lδ
J
K
)
δ3(x− y). (10)
5Now, we need to identify whether the theory presents secondary constraints. For this aim, we
compute the 60 × 60 matrix whose entries are the Poisson brackets among the primary constraints
(7), the nonzero brackets are given by
{φaIJ(x), φ
bc
KL(y)} = −
1
4
ηabc(ηIKηJL − ηILηJK)δ
3(x, y), (11)
this matrix has rank= 36, and 24 linearly independent null-vectors. This result suggests that consis-
tency conditions imply 24 secondary constraints. From the temporal evolution of the constraints (7)
and the contraction with the 24 null vectors, it follows that the following 24 secondary constraints
arise
φ˙0IJ = {φ
0
IJ(x), HP } ≈ 0 ⇒ ψIJ := DaΠ
a
IJ ≈ 0.
φ˙0aIJ = {φ
0a
IJ(x), HP } ≈ 0 ⇒ ψ
0a
IJ :=
1
2
ηabcFbcIJ ≈ 0, (12)
and the rank allows us fix the next values for the Lagrange multipliers
φ˙aIJ = {φ
a
IJ(x), HP } ≈ 0 ⇒ [Π
a
JLηKI −Π
a
ILηKJ ]A0
KL + ηabcDbB0cIJ
−
1
2
ηabcλbcIJ ≈ 0,
φ˙abIJ = {φ
ab
IJ(x), HP } ≈ 0 ⇒ η
abcλcIJ ≈ 0. (13)
For this theory there are not third constraints. By following with the method, we need to separate
from the primary and secondary constraints which ones correspond to first and second class. In
order to achive this aim, we need to calculate the Poisson brackets among primary and secondary
constraints, which the nonzero brackets are given by
{φaIJ(x), φ
bc
KL(y)} = −
1
4
ηabc(ηIKηJL − ηILηJK)δ
3(x, y),
{φaIJ(x),ΨKL(y)} =
1
2
(ΠaJLηIK −Π
a
ILηKJ +Π
a
KJηIL −Π
a
KIηLJ) δ
3(x− y),
{φaIJ (x),Ψ
b
KL(y)} =
1
2
ηabc
[
(ηIKηJL − ηKJηIL)∂c + (AJLcηIK −AILcηKJ )
− (AKIηLJ −AKJcηLI)
]
δ3(x− y),
{ΨIJ(x),ΨKL(y)} = −
1
2
(ΨLJηIK −ΨKJηIL +ΨILηKJ −ΨIKηLJ)δ
3(x− y) ≈ 0,
{ΨIJ(x),Ψ
a
KL(y)} =
1
2
(ΨaLJηIK −Ψ
a
KJηIL +Ψ
a
ILηKJ −Ψ
a
IKηLJ) δ
3(x− y). ≈ 0, (14)
Thus, we can observe that this matrix has a rank= 36 and 48 null-vectors. In this manner, we find
that our theory presents a set of 48 first class constraints and 36 second class constraints. By using
the contraction of the null vectors with the constraints (7) and (12), we identify the following 48
first class constraints
γ0IJ : Π
0
IJ ,
γ0aIJ : Π
0a
IJ ,
γIJ : DaΠ
a
IJ − ηabc
[
ΠaIPΠ
bc
QJη
PQ −ΠaJPΠ
bc
QIη
PQ
]
,
γaIJ :
1
2
ηabcFIJbc + 2DcΠ
ca
IJ , (15)
6we identify the third constraint as the Gauss constraint for BF theory, corresponding to the generator
of SO(3, 1) transformations. It is important to remark, that the null vectors obtained from (14)
provide us the complete form of the first class constraints, and we have not fixed by hand their
structure.
The rank obtained form the matrix (14) yields identifying the following 36 second class constraints
χaIJ : Π
a
IJ −
1
2
ηabcBIJbc,
χabIJ : Π
ab
IJ . (16)
On the other hand, we can observe that the 48 first class constraints given in (15) are not all
independent. The reason for that is because of in virtue of Bianchi’s identity DFIJ = 0 one finds
that
Daγ
a
IJ −
1
2
[
ΠabIKF abJ
K −ΠabKJF abI
K
]
= 0. (17)
Thus, from the γaIJ=18 first class constraints we identify that [18-6]= 12 are independent. Therefore,
we procede to calculate the physical degrees of freedom as follows; there are 120 canonical variables,
[48-6]=42 independent first class constraints and 36 independent second class constraints. With this
information, we conclude that four-dimensional BF theory is devoid of local degrees of freedom,
hence in this sense we can say that the theory is topological; although this theory has global degrees
of freedom due to the nontrivial topology of the manifold on which is defined [19].
Additionally we observe that the complete structure of the constraints (15) and (16) as well as the full
structure of reducibility conditions were not reported in [9]. The reason is because in [9, 10] Dirac’s
canonical method was performed on a smaller phase space context, thus the complete structure of
the constraints and reducibility conditions were not found. Of course, in our results, by considering
the second class constraints (16) as strong equations the above results are reduced to those reported
in [9], thus our results extend and complete those ones. The correct identification of the constraints
is a very important step because are used to carry out the counting of the physical degrees of freedom
and to identify the gauge transformations if there exist first class constraints. On the other hand,
the constraints are the guideline to make the best progress for the quantization of the theory. We
need to remember that the quantization scheme for gauge theories as Maxwell or Yang-Mills can
not be directly applied to theories with the symmetry of covariance under diffeomorphisms (as for
instance BF theories) because we lose relevant physical information [13].
7Now, we will calculate the algebra of the constraints; smearing the constraints with test fields
φ1 := γ
0
IJ [A] =
∫
dx3AIJ
[
Π0IJ
]
,
φ2 := γ
0a
IJ [B] =
∫
dx3Ba
IJ
[
Π0aIJ
]
,
φ3 := γIJ [C] =
∫
dx3Ca
IJ
[
DaΠ
a
IJ − ηabc
[
ΠaIPΠ
bc
QJη
PQ −ΠaJPΠ
bc
QIη
PQ
]]
,
φ4 := γ
0a
IJ [D] =
∫
dx3D0a
IJ
[
1
2
ηabcFbcIJ − 2DbΠ
ab
IJ
]
,
φ5 := χ
a
IJ [H] =
∫
dx3Ha
IJ
[
ΠaIJ −
1
2
ηabcBbc
IJ
]
,
φ6 := χ
ab
IJ [G] =
∫
dx3Gab
IJ
[
ΠabIJ
]
, (18)
the nonzero brackets of the constraints are given by
{
φ3
[
CIJ
]
, φ3
[
C′KL
]}
=
∫
dx3
[
CIKC′K
J −CJKC′K
I
]
γIJ ≈ 0,
{
φ3
[
CIJ
]
, φ4
[
D0a
KL
]}
=
∫
dx3
[
CIKD0aK
J −CJKD0aK
I
]
γ0aIJ ≈ 0,
{
φ3
[
CIJ
]
, φ5
[
Ha
KL
]}
=
∫
dx3
[
CIKHaK
J −CJKHaK
I
]
χaIJ ≈ 0,
{
φ5
[
Ha
IJ
]
, φ6
[
G′ab
KL
]}
= −
1
2
ηabc
∫
dx3
[
HaKHGbc
KH
]
, (19)
where we are able to appreciate that the constraints form a set of first and second class constraints
as expected. From the constraint algebra (19), we are able to identify the Dirac brackets for the
theory, by observing that the matrix whose elements are only the Poisson brackets among second
class constraints is given by
Cαβ =


0 − 14η
abc(ηIKηJL − ηILηJK)δ
3(x− y)
1
4η
abc(ηIKηJL − ηILηJK)δ
3(x − y) 0

 . (20)
In this manner, the Dirac bracket among two functionals A, B is expressed by
{A(x), B(y)}D = {A(x), B(y)}P +
∫
dudv{A(x), ζα(u)}C−1αβ (u, v){ζ
β(v), B(y)}, (21)
where {A(x), B(y)}P is the usual Poisson bracket between the functionals A,B, ζ
α(u) =
(χIJ
a, χIJ
ab), with C−1αβ (u, v) being the inverse of (20) which has a trivial form. It is well known
that Dirac’s bracket (21) will be an essential ingredient to make progress in the quantization of the
theory [16, 17].
Furthermore, the identification of the constraints will allow us to identify the extended action. By
using the first class constraints (15), the second class constraints (16), and the Lagrange multipliers
(13) we find that the extended action takes the form
SE
[
Aα
IJ ,ΠαIJ , Bµν
IJ ,ΠµνIJ , u0
IJ , u0a
IJ , uIJ , ua
IJ , va
IJ , vab
IJ
]
=
∫ {
A˙α
IJΠαIJ + B˙0a
IJΠ0aIJ
+ B˙ab
IJΠabIJ −H − u0
IJγ0IJ − u0a
IJγ0aIJ − u
IJγIJ − ua
IJγ0aIJ − va
IJχaIJ − vab
IJχabIJ
}
dx4,
(22)
8where H is linear combination of first class constraints
H =
1
2
A0
IJ
[
DaΠ
a
IJ − ηabc
[
ΠaIPΠ
bc
QJη
PQ −ΠaJPΠ
bc
QIη
PQ
]]
−B0a
IJ
[
1
2
ηabcFbcIJ − 2DbΠ
ab
IJ
]
,
(23)
and u0
IJ , u0a
IJ , uIJ , ua
IJ , va
IJ , vab
IJ are the Lagrange multipliers enforcing the first and second
class constraints. We can observe that by considering the second class constraints as strong equa-
tions the Hamiltonian (23) is reduced to the Hamiltonian found in [9] where was performed the
Hamiltonian analysis on a smaller phase space context. In this manner, we have developed in this
work a best and complete description at classical level.
From the extended action we can identify the extended Hamiltonian given by
HE = H − u0
IJγ0IJ − u0a
IJγ0aIJ − u
IJγIJ − ua
IJγ0aIJ . (24)
It is well know that the equations of motion obtained by means of the extended Hamiltonian,
in general, are mathematically different from the Euler-Lagrange equations, but the difference is
unphysical [11].
It is important to remark, that the theory under study has an extended Hamiltonian which is
linear combination of first class constraints reflecting the general covariance of the theory, just
as General Relativity, thus, it is not possible to construct the Schrodinger equation because the
action of the Hamiltonian on physical states is annihilation. In Dirac’s quantization of systems with
general covariance, the restriction of our physical state is archived by demanding that the first class
constraints in their quantum form must be satisfied, then we can use the tools of Loop Quantum
Gravity by finding a set of quantum states for the theory as was performed in [20] using the spin
foam models.
We will continue this section by computing the equations of motion obtained from the extended
9action, which are expressed by
δA0
IJ : Π˙0IJ = −
1
2
[
DaΠ
a
IJ − ηabc
[
ΠaIPΠ
bc
QJη
PQ −ΠaJPΠ
bc
QIη
PQ
]]
,
δΠ0IJ : A˙0
IJ = u0
IJ ,
δAa
IJ : Π˙aIJ =
[
A0J
F + uJ
F
]
ΠaIF −
[
A0I
F + uI
F
]
ΠaJF + η
abc [DbB0cIJ −DbucIJ ]
+ 2
[
ubI
F −B0bI
F
]
ΠabJF − 2
[
ubJ
F −B0bJ
F
]
ΠabIF ,
δΠaIJ : A˙a
IJ = −Da
(
1
2
A0
IJ + uIJ
)
+
(
ua
IJ −B0a
IJ
)
+
1
2
ηabc
[
A0
ILΠbcQLη
JQ −A0
JLΠbcQLη
IQ
]
+ va
IJ ,
δB0a
IJ : Π˙0aIJ = −
[
1
2
ηabcFbcIJ − 2DbΠ
ab
IJ
]
,
δΠ0aIJ : B˙0a
IJ = u0a
IJ ,
δBab
IJ : Π˙abIJ = −
1
2
ηabcvcIJ ,
δΠabIJ : B˙ab
IJ = Da
(
ub
IJ −B0b
IJ
)
−Db
(
ua
IJ −B0a
IJ
)
+ vab
IJ ,
−
1
2
ηgab
[
ΠgLKA0
LJηPI −ΠgLKA0
LIηPJ
]
,
δu0
IJ : γ0IJ = 0,
δu0a
IJ : γ0aIJ = 0,
δuIJ : γIJ = 0,
δua
IJ : γ0aIJ = 0,
δva
IJ : χaIJ = 0,
δvab
IJ : χabIJ = 0. (25)
II. Gauge generator
By following with our analysis, we need to know the gauge transformations on the phase space of
the theory under study. For this important step, we shall use Castellani’s formalism which allows
us to define the following gauge generator in terms of the first class constraints (15)
G =
∫
Σ
[
D0ε0
IJγ0IJ +D0ε0a
IJγ0aIJ + ε
IJγIJ + εa
IJγ0aIJ
]
dx3, (26)
10
thus, we find that the gauge transformations on the phase space are
δ0A0
IJ = D0ε0
IJ ,
δ0Aa
IJ = −Daε
IJ ,
δ0B0a
IJ = D0ε0a
IJ ,
δ0Bab
IJ =
[
Daεb
IJ −Dbεa
IJ
]
+
[
εIFBabF
J − εJFBabF
I
]
,
δ0Π
0
IJ = 0,
δ0Π
a
IJ =
[
ΠaILεJ
L −ΠaJLεI
L
]
+ ηadcDdεcIJ + 2
[
ΠabKIεb
L
J −Π
ab
KJεb
L
I
]
,
δ0Π
0a
I = 0,
δ0Π
ab
IJ = −
[
ΠabIF ε
F
J −Π
ab
JF ε
F
I
]
. (27)
We can see that, the diffeomorphisms are not present in the previous gauge transformations; however
it is well known that BF theory is diffeomorphism covariant. Thus, the next question that arises
is: how can we recover the diffeomorphisms symmetry from the above gauge transformations?. The
answer for this question can be found redefining the gauge parameters as −ε0
IJ = εIJ = −ξρAρ
IJ
and εIJµ = −ξ
ρBµρ
IJ . In this manner the gauge transformations (27) take the following form
A′µ
IJ → Aµ
IJ + LξAµ
IJ + ξρFµρ
IJ ,
B′µν
IJ → Bµν
IJ + LξBµν
IJ + ξρ
[
DνBµρ
IJ +DµBρν
IJ +DρBνµ
IJ
]
, (28)
which correspond to diffeomorphisms. Therefore, the latter correspond to an internal symmetry
of the theory. It is important to remark that all this information has not been reported in the
literature with the details that we have developed, on the contrary, usually the people prefer to
work on a smaller phase space context. Nevertheless, the price to pay for working on a smaller
phase space is that we could not know all the relevant information of the theory, as the complete
form of the constraints, and the complete form of the gauge transformations. In any case, given a
theory whose symmetries we wish study one must; first, to develop a pure Dirac’s method, and then
with all the information at hand, we will able to reproduce those results that are obtained under
the smaller phase context. All these ideas are being already applied to Pleban´ski theories (see
appendix), however the analysis is somewhat complicated but the right structure of the constraints
will be reported in forthcoming works [16].
In the later section, we shall develop the Hamiltonian framework for a theory BF -like theory that
emerges from a generalized Chern-Simons theory.
11
III. A PURE DIRAC’S METHOD FOR A GENERALIZED FOUR-DIMENSIONAL BF
THEORY
For this section, the action under consideration is given by
S [A,B] =
∫
M
[
FIJ(A) ∧F IJ (A) + 2kB
IJ ∧ FIJ(A) + k
2BIJ ∧BIJ
]
. (29)
As commented in the introduction, the above action was obtained by using a generalized differential
calculus, taking the generalized exterior derivative to a generalized Chern-Simons form [8]. We are
able to observe that the first term in (29) corresponds to second Chern-class, the second one is a
pure BF term and the third one is identified as a cosmological-like term [9], where k is a constant [8].
The Hamiltonian study for the action (29) has not been reported in the literature. In this manner,
the action (29) is a good example for applying a pure Dirac’s method just as in above section. With
the present analysis, we will be able to identify the full symmetries of the theory; we could think,
however, that the action (29) being the coupling of topological terms, then the complete theory
is topological as well. Nevertheless, the answer is not trivial because in the literature we can find
examples where the coupling of topological theories is not topological any more, since there exist
physical degrees of freedom [15]. Therefore we need to perform the Hamiltonian analysis to know
the symmetries of the theory. For this aim, we will proceed just as in above section developing a
pure Hamiltonian framework.
By taking the variation of (29) respect to our set of dynamical variables (A,B), the equations of
motion are given by
D(F + kB) = 0,
k(F + kB) = 0, (30)
from Bianchi’s identities DF = 0 we can see that the second equation implies the first one. Thus,
with that learned in earlier sections we expect for this theory reducibility conditions among the
constraints, just as in BF theory.
By performing the 3+1 decomposition for all the terms of the action (29) we obtain
FIJ(A) ∧F IJ (A) =
1
4
ǫαβµνF IJαβFIJµνdx
4 = ηabcF bc
IJ
(
A˙aIJ −DaA0IJ
)
,
BIJ ∧ FIJ (A) =
1
4
ǫαβµνBIJαβFIJµνdx
4 =
1
2
ηabcB0a
IJFbcIJ +
1
2
ηabcBbc
IJ
(
A˙aIJ −DaA0IJ
)
,
BIJ ∧BIJ =
1
4
ǫαβµνBIJαβBIJµνdx
4 = ηabcB0a
IJBbc
IJ . (31)
In this way, the action principle takes the following form
S [A,B] =
∫
R
∫
Σ
[ηabcF bc
IJ
(
A˙aIJ −DaA0IJ
)
+ kηabcB0a
IJFbcIJ + kη
abcBbc
IJ
(
A˙aIJ −DaA0IJ
)
+ k2ηabcB0a
IJBbc
IJ ]dx3dt, (32)
and the Lagrangian density is given by
L = ηabcF bc
IJ
(
A˙aIJ −DaA0IJ
)
+ kηabcB0a
IJFbcIJ + kη
abcBbc
IJ
(
A˙aIJ −DaA0IJ
)
+ k2ηabcB0a
IJBbc
IJ . (33)
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We can see that this theory is also background independent and has the same number of dy-
namical variables as a pure BF theory. The momenta
(
ΠαIJ ,Π
αβ
IJ
)
canonically conjugate to(
AIJα, Bαβ
IJ
)
, are given by
ΠαIJ =
δL
δA˙IJα
, ΠαβIJ =
δL
δB˙αβIJ
. (34)
The matrix elements of the Hessian
∂2L
∂(∂µ(AαIJ))∂(∂µ(AβIJ))
,
∂2L
∂(∂µ(AαIJ))∂(∂µ(BρνIJ ))
,
∂2L
∂(∂µ(BρνIJ))∂(∂µ(BγσIJ))
, (35)
are identically zero, the rank of the Hessian is zero, thus, we expect 60 primary constraints.
From the definition of the momenta (34), we identify the following 60 primary constraints
φ0IJ : Π
0
IJ ≈ 0,
φaIJ : Π
a
IJ − η
abc (FbcIJ + kBbcIJ) ≈ 0,
φ0aIJ : Π
0a
IJ ≈ 0,
φabIJ : Π
ab
IJ ≈ 0. (36)
We can appreciate that, with respect to the primary constraints for a pure BF theory, the primary
constraints (36) present an extra term (FbcIJ ) because of the presence of the second Chern class.
By using the definition of the momenta (34), we find that the canonical Hamiltonian takes the form
Hc = −
∫
dx3
[
AIJ0DaΠ
a
IJ + kB0a
IJΠaIJ
]
, (37)
the canonical Hamiltonian and the addition of primary constraints allow us to identify the primary
Hamiltonian
HP = Hc +
∫
dx3
[
λIJ 0φIJ
0 + λIJaφIJ
a + λ0a
IJφ0aIJ + λab
IJφabIJ
]
. (38)
The non-vanishing fundamental Poisson brackets for the theory under study are given by
{AIJµ(x
0, x),ΠνKL(x
0, y)} = δνµ
1
2
(
δIKδ
J
L − δ
I
Lδ
J
K
)
δ3(x− y),
{Bαβ
IJ(x0, x),ΠµνKL(x
0, y)} =
1
4
(δµαδ
ν
β − δ
µ
βδ
ν
α)
(
δIKδ
J
L − δ
I
Lδ
J
K
)
δ3(x− y). (39)
Just as in the above section, we need to identify if the theory presents secondary constraints. For
this aim, we compute the 60 × 60 matrix whose entries are the Poisson brackets among the primary
constraints (36), the nonzero brackets are given by
{φaIJ(x), φ
bc
KL(y)} =
k
2
ηabc(ηILηJK − ηIKηJL)δ
3(x, y), (40)
this matrix has rank= 36 and 24 linearly independent null-vectors. The null vectors and consistency
conditions imply 24 secondary constraints. From the temporal evolution of the constraints (36) and
the 24 null vectors arise the following 24 secondary constraints
φ˙0IJ = {φ
0
IJ (x), HP } ≈ 0 ⇒ ψIJ := DaΠ
a
IJ ≈ 0.
φ˙0aIJ = {φ
0a
IJ (x), HP } ≈ 0 ⇒ ψ
0a
IJ := kΠ
a
IJ ≈ 0, (41)
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and the rank fix the following 36 Lagrange multipliers
φ˙aIJ = {φ
a
IJ(x), HP } ≈ 0 ⇒ [Π
a
JLηKI −Π
a
ILηKJ ]A0
KL − ηabckDbB0cIJ
−
[
ηabcFbcKJηIL + η
abcFbcIKηLJ
]
A0
KL − ηabckλbcIJ ≈ 0,
φ˙abIJ = {φ
ab
IJ(x), HP } ≈ 0 ⇒ η
abcλcIJ ≈ 0. (42)
From consistency of secondary constraints, does not emerge more constraints. In this way, with all
the constraints at hand we need to identify which ones correspond to first and second class. For
this aim, we compute the Poisson brackets between the primary and secondary constraints which
are given in the following 84×84 matrix whose nonzero brackets are given by
{φaIJ(x), φ
bc
KL(y)} =
k
2
ηabc(ηILηJK − ηIKηJL)δ
3(x, y),
{φaIJ(x),ΨKL(y)} =
1
2
(ΠaJLηIK −Π
a
ILηKJ +Π
a
KJηIL −Π
a
KIηLJ) δ
3(x − y),
{φaIJ (x),Ψ
b
KL(y)} = kη
abc
[
(ηIKηJL − ηKJηIL)∂c + (AJLcηIK −AILcηKJ)
− (AKIηLJ −AKJcηLI)
]
δ3(x− y),
{ΨIJ(x),ΨKL(y)} = −
1
2
(ΨLJηIK −ΨKJηIL +ΨILηKJ −ΨIKηLJ)δ
3(x− y) ≈ 0,
{ΨIJ(x),Ψ
a
KL(y)} = −
k
2
(ΠaJLηIK −Π
a
ILηKJ +Π
a
KJηIL −Π
a
KIηLJ) δ
3(x− y), (43)
After long calculations, we observe that this matrix has a rank= 36 and 48 null-vectors. In this
manner, by using the null vectors one finds the following 48 first class constraints
γ0IJ : Π
0
IJ ,
γ0aIJ : Π
0a
IJ ,
γIJ : DaΠ
a
IJ −
[
ΠabJKBabI
K −ΠabIKBabJ
K
]
,
γaIJ : kΠ
a
IJ +DbΠ
ba
IJ , (44)
where the third constraint can be identified as the Gauss constraint for this generalized BF theory,
corresponding to the generator of SO(3, 1) transformations. Again, we observe that by means of
the null vectors the form of the secondary constraints has been changed and becomes to be of first
class; this fact is important because we do not need fix by hand the constraints to convert them in
first class.
From the rank we can identify the following 36 second class constraints
χaIJ : Π
a
IJ − η
abc (FbcIJ + kBbcIJ) ,
χabIJ : Π
ab
IJ . (45)
So, we see that does exist a clear difference among pure BF theory and this generalized theory in
the set of the first and second class constraints. In fact, the corresponding γaIJ constraints and
second class constraints χaIJ are quite different, however this result is expected due to presence of
second Chern class and the cosmological-like terms in the action.
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An other important point to observe is that the constraints (44) are not all independent because of
Bianchis identity DF = 0, that now implies
Daγ
a
IJ − kγIJ − k
[
χabJKBabI
K − χabIKBabJ
K
]
−
[
χabIKF abJ
K − χabKJF abI
K
]
= 0, (46)
which correspond to 6 reducibility conditions for the theory. Thus, from the γaIJ=18 first class
constraints we identify that [18-6]= 12 are independent, just as for a pure BF theory. Therefore, we
are able to procedure and calculate the physical degrees of freedom as follows; the theory presents
120 canonical variables, [48-6]=42 independent first class constraints and 36 independent second
class constraints. This information allows us to conclude that this generalized four-dimensional BF
theory is devoid of physical degrees of freedom and corresponds to a topological field theory as
well. It is important to comment that this program allowed us to know the full structure of the
constraints, and now it is straightforward to know the results that can be obtained by considering
as dynamical variables those occurring with time derivative in the action principle.
Now, we will calculate the algebra of the constraints. Smearing the constraints with test fields
φ1 := γ
0
IJ [A] =
∫
dx3AIJ
[
Π0IJ
]
,
φ2 := γ
0a
IJ [B] =
∫
dx3Ba
IJ
[
Π0aIJ
]
,
φ3 := γIJ [C] =
∫
dx3Ca
IJ
[
DaΠ
a
IJ −
[
ΠabJKBabI
K −ΠabIKBabJ
K
]]
,
φ4 := γ
a
IJ [D] =
∫
dx3D0a
IJ
[
ΠaIJ +DbΠ
ba
IJ
]
,
φ5 := χ
a
IJ [H] =
∫
dx3Ha
IJ
[
ΠaIJ − η
abc (FbcIJ + kBbcIJ)
]
,
φ6 := χ
ab
IJ [G] =
∫
dx3Gab
IJ
[
ΠabIJ
]
. (47)
the non-zero brackets of the constraints are given by
{
φ3
[
CIJ
]
, φ3
[
C′KL
]}
=
∫
dx3
[
CIKC′K
J −CJKC′K
I
]
γIJ ≈ 0,
{
φ3
[
CIJ
]
, φ4
[
D0a
KL
]}
=
∫
dx3
[
CIKD0aK
J −CJKD0aK
I
]
γ0aIJ ≈ 0,
{
φ3
[
CIJ
]
, φ5
[
Ha
KL
]}
=
∫
dx3
[
CIKHaK
J −CJKHaK
I
]
χaIJ ≈ 0,
{
φ5
[
Ha
IJ
]
, φ6
[
G′ab
KL
]}
= −ηabck
∫
dx3
[
HaKHGbc
KH
]
, (48)
where we can see that the constraints (47) correspond to a set of first and second class constraints
respectively.
The constraint algebra (48) allows us to identify the Dirac bracket for the theory, and we observe
that the matrix whose elements are only the Poisson brackets among second class constraints is
given by
Cαβ =


0 k2η
abc(ηILηJK − ηIKηJL)δ
3(x, y)
−k2η
abc(ηILηJK − ηIKηJL)δ
3(x, y) 0

 . (49)
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In this manner, the Dirac bracket among two functionals A, B is expressed by
{A(x), B(y)}D = {A(x), B(y)}P +
∫
dudv{A(x), ζα(u)}C−1αβ (u, v){ζ
β(v), B(y)}, (50)
where {A(x), B(y)}P is the usual Poisson bracket between the functionals A,B, ζ
α(u) =
(χIJ
a, χIJ
ab) with C−1αβ (u, v) being the inverse of (49) which is straightforward to obtain. We will
use in future works Dirac’s bracket performing a canonical quantization scheme, since in this paper
we are only focused on a classical description of the theories under study.
Just as in above section, with the identification of the constraints as first and second class and by
using the Lagrange multipliers (42), the constraints (44) and (45), we find that extended action has
the following form
SE
[
Aα
IJ ,ΠαIJ , Bµν
IJ ,ΠµνIJ , u0
IJ , u0a
IJ , uIJ , ua
IJ , va
IJ , vab
IJ
]
=
∫ {
A˙α
IJΠαIJ + B˙0a
IJΠ0aIJ
+ B˙ab
IJΠabIJ −H − u0
IJγ0IJ − u0a
IJγ0aIJ − u
IJγIJ − ua
IJγ0aIJ − va
IJχaIJ − vab
IJχabIJ
}
dx4,
(51)
and here H is a linear combination of first class constraints
H = A0
IJ
[
DaΠ
a
IJ −
[
ΠabJKBabI
K −ΠabIKBabJ
K
]]
− B0a
IJ
[
kΠaIJ +DbΠ
ba
IJ
]
, (52)
and u0
IJ , u0a
IJ , uIJ , ua
IJ , va
IJ , vab
IJ are the Lagrange multipliers enforcing the constraints.
From (48) we similarly identify the extended Hamiltonian
HE = H − u0
IJγ0IJ − u0a
IJγ0aIJ − u
IJγIJ − ua
IJγ0aIJ . (53)
Again, it is remarkable to observe that the extended Hamiltonian (53) is a linear combination of
first class constraints reflecting the general covariance of theory, thus, we can not construct the
Shcrodinger equation because of the action of the Hamiltonian on physical states is annihilation
[16].
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The equations of motion obtained from the extended action are expressed by
δA0
IJ : Π˙0IJ = −
[
DaΠ
a
IJ −
[
ΠabJKBabI
K −ΠabIKBabJ
K
]]
,
δΠ0IJ : A˙0
IJ = u0
IJ ,
δAa
IJ : Π˙aIJ = 2A0
FH [ΠaJHηFI −Π
a
IHηFJ ]− 2u
FH [ΠaJHηFI −Π
a
IHηFJ ]
+ 2B0b
FH
[
ΠabJHηFI −Π
ab
IHηFJ
]
− 2ub
FH
[
ΠabJHηFI −Π
ab
IHηFJ
]
+ 2ηabcDcvbIJ ,
δΠaIJ : A˙a
IJ = −Da
(
A0
IJ + uIJ
)
+ k
(
ua
IJ −B0a
IJ
)
+ va
IJ ,
δB0a
IJ : Π˙0aIJ =
[
kΠaIJ +DbΠ
ba
IJ
]
,
δΠ0aIJ : B˙0a
IJ = u0a
IJ ,
δBab
IJ : Π˙abIJ = −kη
abcvcIJ +
[
A0I
HΠabHJ −A0J
HΠabHI
]
+
[
uI
HΠabHJ − uJ
HΠabHI
]
,
δΠabIJ : B˙ab
IJ = −Daub
IJ +Dbua
IJ + vab
IJ −
[
A0
FIBabF
J −A0
FJBabF
I
]
,
−
[
uFIBabF
J − uFJBabF
I
]
,
δu0
IJ : γ0IJ = 0,
δu0a
IJ : γ0aIJ = 0,
δuIJ : γIJ = 0,
δua
IJ : γ0aIJ = 0,
δva
IJ : χaIJ = 0,
δvab
IJ : χabIJ = 0. (54)
V. Gauge generator
By following with our analysis, we need to know the gauge transformations of the theory. For this
important step we shall use Castellani’s formalism [11], by defining the following gauge generator
in terms of the first class constraints (44)
G =
∫
Σ
[
D0ε0
IJγ0IJ +D0ε0a
IJγ0aIJ + ε
IJγIJ + εa
IJγ0aIJ
]
dx3, (55)
thus, we find the following gauge transformations on the phase space
δ0A0
IJ = D0ε0
IJ ,
δ0Aa
IJ = −Daε
IJ + kεa
IJ ,
δ0B0a
IJ = D0ε0a
IJ ,
δ0Bab
IJ =
[
Daεb
IJ −Dbεa
IJ
]
+
[
εIFBabF
J − εJFBabF
I
]
,
δ0Π
0
IJ = 0,
δ0Π
a
IJ =
[
ΠaILεJ
L −ΠaJLεI
L
]
+
[
ΠabKIεb
L
J −Π
ab
KJεb
L
I
]
,
δ0Π
0a
I = 0,
δ0Π
ab
IJ = −
[
ΠabIF ε
F
J −Π
ab
JF ε
F
I
]
. (56)
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We have seen that the extended Hamiltonian for this theory was linear combination of first class
constraints, so diffeomorphisms are the gauge transformations, however the diffeomorphisms are not
present in above transformations. Furthermore, it is well-known that BF and Pontryagin theory
are diffeomorphisms covariant and we expect that (29) being a coupled theory of topological terms
this important symmetry is not lost. Thus, the next question that arises is; how can we recover
diffeomorphisms symmetry from the former gauge transformations?. The answer can be found if we
redefine now the gauge parameters as −ε0
IJ = εIJ = −ξρAρ
IJ and εIJµ = −ξ
ρBµρ
IJ , in this manner
the gauge transformations (56) take the form
A′µ
IJ → Aµ
IJ + LξAµ
IJ + ξρ
[
Fµρ
IJ + kBµρ
IJ
]
,
B′µν
IJ → Bµν
IJ + LξBµν
IJ + ξρ
[
DνBµρ
IJ +DµBρν
IJ +DρBνµ
IJ
]
, (57)
which correspond to diffeomorphisms. Therefore, the latter are an internal symmetry of the theory.
It is important to remark, that this analysis has not been reported in the literature with the details
that are displayed here. Hence, we have performed a complete local study for the action (29) that
will be useful to study global symmetries by using for instance, the Atiyah-Singer theorem [19],
then we can use the tools developed in Loop Quantum Gravity to quantize this theory; we need to
remember that Loop Quantum Gravity is a canonical approach where diffeomorphisms covariant
theories are quantized without perturbative methods.
IV. CONCLUSIONS AND PROSPECTS
The Hamiltonian analysis for four-dimensional BF theories has been performed. By considering
the complete set of dynamical variables that define these theories, we have obtained all the
symmetries, the constraints, gauge transformations, the counting of degrees of freedom and the
extended Hamiltonian. For the case of a pure BF theory, the present work has extended and
completed the results reported in [9], where the study was performed on a smaller phase space
context, allowing us to know the complete structure of the constraints and the algebra associated.
Respect to the four-dimensional generalized BF theory, and despite of there are additional terms
in the action such as the second Chern class and the cosmological-like term quadratic in B field, we
were able to know the principal symmetries of the theory. The analysis allowed us to conclude that
the topological structure of the theory as well as diffeomorphisms covariance was preserved.
With the present work, we have at hand a better classical description of the theories studied,
thus the approach developed along the paper is an alternative way to perform a pure Hamiltonian
framework for any theory under investigation. We can see alternative approaches in [10, 12], where
in the former Dirac’s study for Pleban´ski’s and the later for Palatini theories were performed;
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however that study was not a pure Hamiltonian analysis as the present work; for instance, in [10]
alternative variables in the fields were used to carry out the analysis and the final structure of
the constraints was fixed by hand. In this sense, we expect that our approach will be an good
alternative way to study the symmetries of Plebanski actions (see appendix below), expecting to
obtain a better description [16].
We would finish with some remarks. Topological field theories juts as the theories studied here, are
characterized by being devoid of local degrees of freedom. That is, the theories are susceptible only
to global degrees of freedom associated with non-trivial topologies of the manifold on which they
are defined and the topologies of the gauge bundle [1, 6, 19]. Hence, in this paper we have analyzed
local symmetries of the theories under study, however, we would emphasize that our results have
been useful to analyze the moduli space of a four-dimmensional BF theory for a general base
manifold [19]. In fact, in [19] the studio of global symmetries for a BF theory by employing as the
main tool the Atiyah-Singer theorem has been performed with base manifolds as S4, K3, E(n), Sd,
etc., from which the dimension of the moduli space has been calculated, showing that there exist
global degrees of freedom as expected. Therefore, BF theory has been characterized both globall
and locally providing all necessary elements to make progress in the quantization; these subjects
will be reported in forthcoming works.
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V. APPENDIX A
In this appendix we shall develop the standard way to carry out the canonical analysis to Pleban´ski
theory. Pleban´ski’s theory is given [21]
S[B,A,Φ] =
2i
κ
∫ (
Bi ∧ F
i +ΦijB
i ∧Bj
)
dx4, (58)
where F is the two form strength of a SU(2) complex one-form A = Ait
i, being ti the generators of
gauge group, B = Biti is a Lie algebra valued two-form, and Φ is a zero-form. Now if we decompose
Φ into its trace and its traceless part, namely φij = Φ
ij − 13φδij , with φ = Φijδ
ij which is related
with the cosmological constant [18], we get
S[B,A, φ] =
2i
κ
∫ (
Bi ∧ F
i + φijB
i ∧Bj −
1
3
φBi ∧Bi
)
dx4 (59)
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So, by performing the 3+1 decomposition in (59) we obtain
S[B,A, φ] =
2i
κ
∫ (
A˙ia(η
abcBibc) +A
i
0Da(η
abcBibc) + η
abcF iabBi0a + η
abcφijB
i
0aB
j
bc −
φ
3
ηabcBi0aBibc
)
,
(60)
where Daλ
i
b = ∂aλ
i
b+ ε
i
jkA
j
aλ
k
b and η
abc = ǫ0abc, a, b, c = 1, 2, 3. From (60) we identify the following
Lagrangian density
L =
2i
κ
(
A˙ia(η
abcBibc) +A
i
0Da(η
abcBibc) + η
abcF ibcBi0a + η
abcφijB
i
0aB
j
bc −
φ
3
ηabcBi0aBibc
)
, (61)
remembering that in a smaller face space context, we will consider as dynamical variables those that
occur in the action with time derivative, so the momenta P ai canonically conjugate to A
i
a are given
by
P ai =
δL
δAia
=
2i
κ
(ηabcBibc), (62)
thus, the variation respect to the fields Ai0, B
i
0a and φij reads
DaP
a
i ≈ 0, (63)
ηabcF ibc + φ
ijP aj −
φ
3
P ia ≈ 0, (64)
B
(i
0aP
aj) −
δij
3
Bk0aP
a
k ≈ 0. (65)
We observe from the later equations that it is necessary to eliminate the Bi0a and φij variables in
order to identify the structure of the constraints. The Bi0a and φij variables are Lagrange multipliers,
however, is not easy to identified them by using the smaller phase space approach.
On the other hand, it is important to mention that the action (60) has a close relation with a pure
BF theory and the action is not quadratic in the B0i variables [10, 18], however the action worked
out in [10] is quadratic in B0i field and one needs involve extra variables to perform the hamiltonian
analysis, however the canonical analysis reported in [10] becomes to be so much complicated.
Nevertheless, in our approach the canonical analysis of the first term of the action (59) has been
performed, with those results and coupling the φijB
i ∧Bj and φBi ∧Bi terms in our developments,
we will procedure by using a pure Hamiltonian framework to perform the canonical analysis of the
action (59).
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